
MECH230 - Section 2 DRAFT
Final Formula Sheet

Sine Law and Cosine Law
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Referring to the above triangle with interior angles A, B, and C and with side lengths a, b, and
c, the sine law and cosine law are respectively

sin(A)

a
=

sin(B)

b
=

sin(C)

c
, (1)

c2 = a2 + b2 − 2ab cos(C). (2)

Chain Rule Let θ be some function of time such that ω = θ̇Ez and α = ω̇ = θ̈Ez, then

θ̈ =
dθ̇

dt
=

dθ̇

dθ

dθ

dt
= θ̇

dθ

dt
. (3)

Spring Force A spring of stiffness K with unstretched length ℓ0 whose base is at point A and
whose free end is attached to a mass m with position vector r applies a force on m that is

Fs = −K(||r− rA|| − ℓ0)
r− rA

||r− rA||
. (4)

Friction Force

• Static friction is unknown but satisfies that static friction criterion ||Ff || ≤ µs||N||.

• Kinetic friction is prescribed according to Coulomb’s friction model to be Ff = −µk||N|| vrel

||vrel||
.

Rigid Body (RB) Kinematics If A is fixed to the RB and B moving with respect to it, then

rB − rA = xex + yey,

vB − vA = ω × (rB − rA) + vrel,

aB − aA = α× (rB − rA) + ω × (ω × (rB − rA)) + 2ω × vrel + arel,

(5)

where the angular velocity and acceleration of the RB are resp. ω = θ̇Ez and α = θ̈Ez and

vrel = ẋex + ẏey, and arel = ẍex + ÿey. (6)

The corotation basis is taken such that

ex = cos(θ)Ex + sin(θ)Ey, and ey = − sin(θ)Ex + cos(θ)Ey. (7)

Then, ėx = ω × ex and ėy = ω × ey.
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Sum of Forces and Moments Consider a rigid body with K applied forces Fi at points with
position vectors ri and an applied couple Me, then the sum of forces and the moments about
an arbitrary point P on the body are respectively

F =
K∑
i=1

Fi, and MP =
K∑
i=1

(ri − rP )× Fi +Me. (8)

Balance of Linear Momentum (BoLM) The BoLM of a RB is written as

F = Ġ = maC , (9)

where G =
∫
B vdm = mvC is the linear momentum of the body B and C is its center of mass,

rC =
∫
B rdm∫
B dm

. C behaves like a material point of the rigid body.

The linear impulse - linear momentum equation is∫ tB

tA

Fdt = G(tB)−G(tA). (10)

Balance of Angular Momenum (BoAM) The BoAM of a RB has three equivalent forms

MO = ḢO about a fixed point O,

MC = ḢC about the center of mass C,

MP = ḢP + (vP − vC)×G = ḢC + (rC − rP )×maC about a material point P on B.
(11)

where the angular momentum of a rigid body B relative to any material point P on the body is

HP =

∫
B
(r− rP )× vdm = HC + (rC − rP )×G, where HC =

∫
B

(r− rC)× vdm. (12)

Letting r− rC = xex + yey + zeZ can calculateHC · ex
HC · ey
HC · ez

 =

ICxx ICxy ICxz
ICxy ICyy ICyz
Ixz Iyz Izz

ω · ex
ω · ey
ω · ez

 (13)

where

ICxx =
∫
B
(y2 + z2)dm, ICyy =

∫
B
(x2 + z2)dm, ICzz =

∫
B
(x2 + y2)dm,

ICxy = −
∫
B
xydm, ICyz = −

∫
B
yzdm, ICxz = −

∫
B
xzdm

(14)

Thus, for ω = θ̇Ez, we have

ḢO = (IOxzω̇ − IOyzω
2)ex + (IOyzω̇ + IOxzω

2)ey + IOzzω̇Ez,

ḢC = (ICxzω̇ − ICyzω
2)ex + (ICyzω̇ + ICxzω

2)ey + ICzzω̇Ez,

ḢP = (IPxzω̇ − IPyzω
2)ex + (IPyzω̇ + IPxzω

2)ey + IPzzω̇Ez +
d

dt
((rC − rP )×mvP ) .

(15)
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The angular impulse - angular momentum equations are equivalently∫ tB

tA

MCdt = HC(tB)−HC(tA) where C is the center of mass,∫ tB

tA

MOdt = HO(tB)−HO(tA) if there is a fixed point O.

(16)

Parallel axis theorem Consider a material point A on the rigid body such that rA − rC =
Axex + Ayey + Azez, then according to the parallel axis theorem

IAxx = ICxx +m(A2
y + A2

z), IAxy = ICxy −mAxAy, etc. (17)

The Koenig decomposition for the kinetic energy of a RB is

T =
1

2
mvC · vC +

1

2
HC · ω. (18)

If the body has a point O with zero velocity, vO = 0, then

T =
1

2
mHO · ω. (19)

The work-energy theorem for a RB between [tA, tB] is

TB − TA =
K∑
i=1

WFi,AB +WMe,AB, (20)

where the work of a force Fi applied at a point with position vector ri over the interval [tA, tB]
is

WFi,AB =

∫ tB

tA

Fi · vidt =

∫ ri(tB)

ri(tA)

F · dri (21)

and the work of a moment is

WM,AB =

∫ tB

tA

M · ωdt. (22)

Conservative Force A conservative Fc is such that WFc,AB = −(UB −UA). Examples include

• any constant force C with U = −C · r,

• the gravitational force FG = G Mem
(Re+h)2

(−er) with U = −GMem
r

, and

• the spring force Fs = −Kε r−rA
||r−rA|| with U = 1

2
Kε2. The spring stretch ε = ||r− rA|| − ℓ0.
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